The resistance distance is widely used in random walk, electronic engineering, and complex networks. One of the main topics in the study of the resistance distance is the computation problem. The subdivision graph S(G) of a graph G is the graph obtained by inserting a new vertex into every edge of G. Two classes of new corona graphs, the corona-vertex of the subdivision graph G 1 ♦G 2 and the corona-edge of the subdivision graph G 1 G 2 , were defined by Lu and Miao. The adjacency spectrum and the signless Laplacian spectrum of the two new graph operations were computed when G 1 is an arbitrary graph and G 2 is an r 2 -regular graph. In this paper, we give the closed-form formulas for the resistance distance and Kirchhoff index of G 1 ♦G 2 and G 1 G 2 in terms of the resistance distance and Kirchhoff index of the factor graphs.
Let G = (V (G), E(G)) be a graph with vertex set V (G) and edge set E(G). Let d i be the degree of vertex i in G and D G = diag(d 1 , d 2 , · · · , d |V (G)| ) be the diagonal matrix with all vertex degrees of G as its diagonal entries. For a graph G, let A G and R G denote the adjacency matrix and vertex-edge incidence matrix of G, respectively. The matrix L G = D G −A G is called the Laplacian matrix of G, where D G is the diagonal matrix of vertex degrees of G. The line graph l(G) of a graph G is the graph V (l(G)) = E(G) such that two vertices in l(G) are adjacent if and only if the corresponding edges in G are adjacent. Note that R G R T G = D G + A G and R T G R G = A(l(G)) + 2I m , where m = |E(G)|. The {1}-inverse of M is a matrix X such that MXM = M . If M is singular, then it has infinite {1}-inverse [4] . It is known that resistance distances in a connected graph G can be obtained from any {1}-inverse of L G [3] .
The subdivision graph S(G) of a graph G is the graph obtained by inserting a new vertex into every edge of G. The set of such new vertices is denoted by I (G). In [6] , two new graph operations based on subdivision graphs: the coronavertex and the corona-edge of the subdivision graph were introduced, and their adjacency spectrum and the signless Laplacian spectrum were obtained. The corona-vertex of the subdivision graph of two vertex-disjoint graphs G 1 and G 2 , denoted by G 1 ♦G 2 , is the graph obtained from G 1 and |V (G 1 )| copies of S(G 2 ) by joining the ith vertex of V (G 1 ) to every vertex in the ith copy of G 2 . The corona-edge of the subdivision graph of two vertex-disjoint graphs G 1 and G 2 , denoted by G 1 G 2 , is the graph obtained from G 1 and |V (G 1 )| copies of S(G 2 ) by joining the ith vertex of V (G 1 ) to every vertex in the ith copy of I (G 2 ).
Note that if G 1 is a graph on n 1 vertices and m 1 edges, and G 2 is a graph on n 2 vertices and m 2 edges, then the coronavertex of the subdivision graph G 1 ♦G 2 has n 1 (1 + n 2 + m 2 ) vertices and m 1 + n 1 n 2 + 2n 1 m 2 edges, and the corona-edge of the subdivision graph G 1 G 2 has n 1 (1 + n 2 + m 2 ) vertices and m 1 + 3n 1 m 2 edges.
The computation of resistance between two nodes and Kirchhoff index in a resistor network are a classical problem in electric theory and graph theory. The computation of resistance distance is relevant to a wide range of problems ranging from random walks [7] , the theory of harmonic functions [8] to lattice Greens functions [9] . However, the resistance distance and Kirchhoff index of the graph are, in general, a difficult thing from the computational point of view. Therefore, the bigger is the graph, the more difficult is to compute the resistance distance and Kirchhoff index, so a common strategy is to consider complex graph as composite graph, and to find relations between the resistance distance and Kirchhoff index of the original graphs. Bu et al. [10] obtained the formulae for resistance distances in subdivisionvertex join and subdivision-edge join. Liu et al. [11] gave the resistance distance and Kirchhoff index of R-vertex join and R-edge join of two graphs. Zhou et al. [12] gave the resistance distance of equiarboreal graphs. Recently Liu et al. [13] gave the {1}-inverse of the Laplacian of subdivision-vertex and subdivision-edge coronae. Motivated by these, in this paper, we give the closed-form formulas for the resistance distance and Kirchhoff index of G 1 ♦G 2 and G 1 G 2 in terms of the factor graphs.
II. PRELIMINARIES
For a square matrix M , the group inverse of M , denoted by M # , is the unique matrix X such that MXM = M , XMX = X and MX = XM . It is known that M # exists if and only if rank(M ) = rank(M 2 ) ( [4] , [5] ). If M is real symmetric, then M # exists and M # is a symmetric {1}-inverse of M . Actually, M # is equal to the Moore-Penrose inverse of M since M is symmetric.
We use M (1) to denote any {1}-inverse of a matrix M . Let (M ) uv denote the (u, v) entry of M .
Lemma 1 [3] : Let G be a connected graph. Then
1 n denote the column vector of dimension n with all the entries equal one. We will often use 1 to denote an all-ones column vector if the dimension can be read from the context. Lemma 2 [10] : For any graph, we have L # G 1 = 0. Lemma 3 [14] : Let
be a nonsingular matrix. If A and D are nonsingular, then [15] : Let
be a symmetric matrix and L 1 is nonsingular. Then
For a vertex i of a graph G, let T (i) denote the set of all neighbors of i in G.
Lemma 5 [10] : Let G be a connected graph. For any i, j ∈ V (G),
r kl (G)).
Lemma 6 [15] : Let G be a connected graph on n vertices. Then
. Lemma 7: Let 1 n and j n×m be all-ones column vector of dimension n and all-one n × m matrix, respectively. For any n 1 × n 1 matrix A, we have (1 m 2 ⊗ I n 1 )A n 1 ×n 1 (1 T n 2 ⊗ I n 1 ) = j m 2 ×n 2 ⊗ A, where ⊗ denotes the Kronecker product of matrices A = (a ij ) and B, i.e A ⊗ B is defined to be the partition matrix (a ij B).
Proof:
= j m 2 ×n 2 ⊗ A n 1 ×n 1 . 55674 VOLUME 6, 2018
III. RESISTANCE DISTANCE IN CORONA-VERTEX AND CORONA-EDGE OF SUBDIVISION GRAPH
In this section, we focus on determing the resistance distance of the corona-vertex and the corona-edge of subdivision graph in terms of the resistance distance of the factor graphs. Theorem 8: Let G 1 be a graph on n 1 vertices and m 1 edges and G 2 be a graph on n 2 vertices and m 2 edges. Then the following hold:
(i) For any i, j ∈ V (G 1 ), we have
(v) For any i, j ∈ I (G 2 ), let u i v i , u j v j ∈ E(G 2 ) denote the edges corresponding to i, j, we have
Proof: Let R 2 be the incidence matrix of G 2 . Then with a proper labeling of vertices (see [6] ), the Laplacian matrix of G 1 ♦G 2 can be written as
where 0 s,t denotes the s × t matrix with all entries equal to zero. Let 1 ,
We begin with the calculation about L −1 1 . By Lemma 3, we have
By Lemma 3, we have
By Lemma 4, we are ready to calculate S.
Note that (L G 2 + 2I n 2 )1 n 2 = 2 · 1 n 2 , then
For convenience, let H = 1 m 2 ⊗ I n 1 , K = 1 n 2 ⊗ I n 1 , then
Based on Lemma 3 and 4, the following matrix
For any i, j ∈ V (G 1 ), by Lemma 1 and the Equation (3.1), we have
. For any i, j ∈ V (G 2 ), by Lemma 1 and the Equation (3.1), we have
For any i ∈ V (G 1 ), j ∈ V (G 2 ), by Lemma 1 and the Equation (3.1), we have
denote the edge corresponding to i. By Lemma 5, we have
For any i, j ∈ I (G 2 ), let u i v i , u j v j ∈ E(G 2 ) denote the edges corresponding to i, j. By Lemma 5, we have
When G 2 is a regular graph, we will give the formulae for resistance distance in G 1 G 2 as follows.
Theorem 9: Let G 1 be an arbitrary graph on n 1 vertices, and G 2 an r 2 -regular graph on n 2 vertices and m 2 edges, then the following hold:
(v) For any i, j ∈ I (G 2 ), let u i v i , u j v j ∈ E(G 2 ) denote the edges corresponding to i, j, k ∈ V (G 1 ), we have
Proof: Let R 2 be the incidence matrix of G 2 . Then with a proper labeling of vertices (see [13] ), the Laplacian matrix of G 1 G 2 can be written as
Similiarly, we can obtain the other element of L −1
By Lemma 4, we have S # = L # G 1 . Similiarly, according to Lemma 4, we calculate −L −1
Note that (L G 2 + r 2 I n 2 )1 n 2 = r 2 1 n 2 , then
= r 2 ((r 2 I n 2 + L l(G 2 )) −1 ⊗ I n 1 )(1 m 2 ⊗ I n 1 )
and ((r 2 I n 2 + L G 2 ) −1 R 2 ) ⊗ I n 1 )(1 m 2 ⊗ I n 1 ) = ((r 2 I n 2 + L G 2 ) −1 r 2 1 n 2 ) ⊗ I n 1 = 1 n 2 ⊗ I n 1 , so
Note that
For any i, j ∈ V (G 1 ), by Lemma 1 and the Equation (3.2), we have
. For any i, j ∈ V (G 2 ), by Lemma 1 and the Equation (3.2), we have
, by Lemma 1 and the Equation (3.2), we have
denote the edge corresponding to i, k ∈ V (G 1 ), by Lemma 5, we have 2 ) ). VOLUME 6, 2018 For any i, j ∈ I (G 2 ), let u i v i , u j v j ∈ E(G 2 ) denote the edges corresponding to i, j, k ∈ V (G 1 ), by Lemma 5, we have 2 ) ).
IV. KIRCHHOFF INDEX IN CORONA-VERTEX AND CORONA-EDGE OF SUBDIVISION GRAPH
In this section, we focus on determing the Kirchhoff index of the corona-vertex and the corona-edge of subdivision graph in terms of the Kirchhoff index of the factor graphs. Theorem 10: Let G 1 be a graph on n 1 vertices and m 1 edges and G 2 be a graph on n 2 vertices and m 2 edges. Then
where π = (d 1 , d 2 , · · · , d n 2 ) T . Proof: Let L (1)
Note that the eigenvalues of (2(L G 2 +2I n 2 )) are 2(µ 1 (G 2 )+ 2), . . . , 2(µ n 2 (G 2 ) + 2), then
So tr(L (1)
+ tr(R 1 ) + tr(S # ) + m 2 tr(S # ) + n 2 tr(S # )
= n 1 (
+tr(S # )+(n 2 +m 2 )tr(S # ) = n 1 (
Next, we calculate the 1 T (L (1)
Lemma 6 implies that
Kf (L (1)
Then plugging tr(L (1)
G 1 ♦G 2 )1 into the equations above, we obtain the required result.
Corollary 11: Let G 1 be a graph on n 1 vertices and m 1 edges and G 2 an r 2 -regular graph on n 2 vertices and m 2 edges. Then
Proof: Since π T (2I n 2 + L G 2 ) −1 π = r 2 2 1 T (2I n 2 + L G 2 ) −1 1 = n 2 r 2 2 2 , then the required result is obtained by plugging π T (2I n 2 + L G 2 ) −1 π into Theorem 10.
Theorem 13: Let G 1 be an arbitrary graph on n 1 vertices, and G 2 an r 2 -regular graph on n 2 vertices and m 2 edges.
where µ i (G i )(i = 1, 2, . . . , n 2 ) denote the Laplacian eigenvalues of G 2 . Proof: The proof is similar to that of Theorem 10 and hence we omit details.
V. CONCLUSIONS
In this paper, the closed-form formulas for resistance distance and Kirchhoff index of two types of composite graphs, namely the corona-vertex of the subdivision graph G 1 ♦G 2 and the corona-edge of the subdivision graph G 1 G 2 are obtained. Lu and Miao [6] investigated the spectrum of the corona-vertex of the subdivision graph and the corona-edge of the subdivision graph. As an application, the authors constructed infinite family of new integral graphs. But it does not give the resistance distance and Kirchhoff index on such two corona graphs about the relationship between the composite graph and the factor graph. We obtain these results using the group inverse of these graphs. Based on our work, it would be interesting to study the resistance distance and He is a member of the American Mathematical Society. He is serving an Associate Editor in several international journals. VOLUME 6, 2018 
